This paper applies the Exergy Cost Theory (ECT) to a hybrid system based on a 500 kWe solid oxide fuel cell (SOFC) stack and on a vapor-absorption refrigeration (VAR) system. To achieve this, a model comprised of chemical, electrochemical, thermodynamic, and thermoeconomic equations is developed using the software, Engineering Equation Solver (EES). The model is validated against previous works. This approach enables the unit exergy costs (electricity, cooling, and residues) to be computed by a productive structure defined by components, resources, products, and residues. Most importantly, it allows us to know the contribution of the environment and of the residues to the unit exergy cost of the product of the components. Finally, the simulation of different scenarios makes it possible to analyze the impact of stack current density, fuel use, temperature across the stack, and anode gas recirculation on the unit exergy costs of electrical power, cooling, and residues.
Introduction
A hybrid system refers to the combination of two or more different energy technologies to produce a more efficient, flexible, reliable, and nature-friendly system. Hence, hybrid systems are fast becoming a key technology for an alternative solution to the incessantly growing global energy demand [1] . In fact, the vast majority of the proposed hybrid systems are mostly based on renewable energy technologies such as solar, wind, or biomass, or alternative ones such as fuel cells, in combination with conventional technologies such as steam or gas turbines. Interestingly, solid oxide fuel cells (SOFCs) are the most preferred technology because of their high energy efficiency, low polluting emissions, and their ability to use different types of fuels such as hydrogen, biogas, carbon dioxide, alcohols, or other hydrocarbons [2] . In fact, when SOFCs are combined with other technologies to yield hybrid systems, there exists the possibility of increasing the efficiency of the entire system and decreasing the costs [3] .
Accordingly, much of the current literature on hybrid systems based on solid oxide fuel cells pays particular attention to the evaluation of their thermodynamic performance through either exergy or thermoeconomic analysis. One study by Rokni [4] , for example, evaluated the thermodynamic and thermoeconomic performance of a 120 kWe small-scale integrated gasification-solid oxide fuel cell and Stirling engine. The author estimated a system thermal efficiency of 42%, an electricity unit generation price of 0.124 $/kWh and a unit price for water of 0.0124 $/kWh. A broader analysis is proposed by Baghernejad et al. [5] who made a comparison, based on an exergoeconomic method,
System Description and Assumptions

Physical Structure
The hybrid system evaluated in this study is primarily composed of a SOFC stack and an absorption refrigeration (VAR) system, which has the capability of recovering low temperature heat (see Figure 1) . The anode-supported SOFC system is constituted by 11,000 planar cells and includes direct internal reforming (4) and anodic recirculation (E 22 ). The primary fuel used in the process is natural gas (NG) whose main components are: CH 4 (93%), CO 2 (3%) and N 2 (4%). The primary fuel (E 1 ) is compressed (1) up to the pressure of the anode feed and preheated (3) to be injected into the SOFC through the endothermic steam-reforming reactor (4) . A direct internal reforming (DIR) configuration is considered. Conditioned steam, generated in the heat exchanger (7) , is injected in the reformer. The water for the steam, at ambient conditions, enters the system through a water pump (10) . A considerable amount of SOFC exhaust gas (E 22 ) is internally recycled into the reformer, as the endothermic steam-reforming requires a high temperature source. The remaining exhaust gas (E 5 ) is burnt with the cathode exhaust (E 13 ) in the afterburner (6) . The hot flue gas is used to yield steam (7) , preheat the feeding primary fuel (3), as well as the cathode air (8) . The air enters the system under atmospheric conditions (E 10 ), compressed (E 11 ) and then preheated (E 12 ) so as to enter the cathode side. The fundamental driving force of the SOFC is the gradient of chemical potential that is established across the two electrodes (anode and cathode) that are separated by the electrolyte layer. Thus, the reactants (fuel and air) are continuously supplied to sustain electrochemical reactions, as explained above. CD current generated in the SOFC is then transformed into AC current by means of an inverter (9) to be used as electrical power E 15 , E 16 and E 17 by the water pump (10), the fuel compressor (1) and the air compressor (2), respectively. Thus, the exhaust gases provide the energy necessary to drive the cooling process (VAR), as shown in Figure 2 . For this particular case, the refrigerant is water (H 2 O) while lithium/bromide (LiBr) is used as the absorbent . The energy provided by the exhaust gases is used to yield steam (E 29 ) in the steam generator (1) through the separation of the mixture H 2 O/LiBr (E 35 ), while the lithium bromide (E 36 ) flows back to the solution heat exchanger (2) and is expanded (4) to be sent back to the absorber (5), where it absorbs the water-vapor mix and is then pumped back to the generator. The pump (3) increases the pressure of the mixture, known as solution (Water-LiBr), and is sent through the heat exchanger (2), where a cold stream (a stream at low temperature and low concentration) receives heat from the hot stream (a stream at high temperature and high concentration). Thus, the cold stream increases its temperature and enters the generator, where it is evaporated. The evaporated water then enters the condenser (8) , where its temperature is reduced and then sent to the expansion valve to reduce its pressure to enters the evaporator (6) . Here it absorbs the heat from a secondary fluid to generate the cooling load or cooling effect (E 25 ). Finally, the stream water from the evaporator enters the absorber and is mixed with the high concentration solution to yield a low concentration one. However, for the purpose of the analysis, the VAR system was simplified to a single process as shown below. Table 1 summarizes all the assumptions considered in the modeling of the systems described above. All gases are considered to be ideal gases. Pressure in the generator and the condenser are equivalent. Gas mixture at the SOFC stack fuel channel exit is in chemical equilibrium.
Assumptions
Pressure in the evaporator and the absorber are equivalent. Heat loss from the SOFC stack to the surroundings is negligible. The constant resistances between the SOFC components are negligible. The temperature of the fuel and air at the inlet channels of the SOFC stack is the same. The temperature of the fuel and air at the outlet channels of the SOFC stack is the same. Unreacted gases are considered fully oxidized in the afterburner
Mathematical Models
SOFC and VAR Simulation
For the simulation of the systems described above a zero-dimension approach is considered [14] . All thermodynamic (both energy and exergy balances), electrochemical and chemical equations are modeled and simulated in the commercial Engineering Equation Solver (EES) software. However, in a previous paper, by the authors, explanation and validation of the models are provided at length [10] . To maintain model consistency, the same design data of both systems are considered here, Table 2 .
The reference values given to the operating variables of the hybrid system are considered in Table 3 . Table 4 unveils the absolute values of the exergy streams calculated from the thermodynamic properties of each state found throughout the entire hybrid system. Here, the energy flows from 14 to 18 correspond to AC electrical power leaving the inverter, whereas flow 25 corresponds to the refrigeration flow leaving the VAR system as a product.
Exergy Cost Equations
The methodology used for calculating the exergy costs of the system is based on the theory of the exergy cost proposed by Valero [15] and recently improved by Torres et al. [12] . Accordingly, the method comprises the following steps:
1. Definition of the productive structure 2. Application of the Fuel-Product rules of cost allocation 3. Building of the Fuel-Product table 4. Exergy cost calculation Table 4 . Reference operating values for the simulation of the SOFC-VAR system. Industrial installations have a productive purpose, which is to generate one or several products by processing external resources. Thus, for each process, it is required to identify the flows that constitute their product streams, as well as the flows required to obtain them, called fuel streams [16] . The exergetic efficiency of a process is defined as the ratio between the exergy obtained or product and the exergy supplied as fuel. Table 5 provides the definition of the fuel and the product streams of each process in the case of the SOFC-VAR hybrid system. It is important to note that in the case of the VAR system, it has been simplified to only one process (12) , as for this study only the product (the cooling load) is of interest. The recent work of Torres et al. [12] describes an algorithm to build the productive structure diagram by means of the fuel-product table. The fuel-product table is the adjacency matrix of the productive graphs and it shows how the processes of a system interrelate among themselves and the environment, through the fuel-product definitions. For this particular case, the productive structure proposed for the SOFC-VAR system is shown in Figure 3 . 
ID P (kPa) T (C) m (kg/s) Exergy (W)
Fuel-Product Rules of Cost Allocation
A correct allocation of costs requires the following of a series of rational rules that are essentially based on thermodynamic criteria and productive purpose [15] . These rules are summarized as follows:
•
The exergy cost is relative to the system boundaries. In other words, in the absence of external assessment, the exergy costs of the flows entering the system equal their exergy, i.e.,
The exergy costs are a conservative property. Of the costs associated with a process, both resources F * u and wastes R * u must be allocated to the production costs, i.e., P *
The cost of irreversibilities in the process must be allocated to their products and proportionally allocated to their exergies -All the product streams of a process have the same unit exergy cost.
-
All the outputs of a product stream have the same unit exergy cost.
All the outputs of a fuel stream have the same unit cost equal to the average unit cost of the input flows of the stream.
• The costs of waste flows must be allocated to the processes that generated them.
Exergy Cost Computation
The exergy costs of flows and processes are obtained by using TAESS software [17], a detailed explanation of the algorithm for which is given in [18] . The computation is carried out using the values of the reference condition given above. It is important to note that the cost of the residues is allocated to the cost of the electricity and not to the fuel as will be discussed later. Table 6 shows the exergy costs of all operational flows considered in the SOFC-VAR hybrid system. From this table, unlike other reported works [6] [7] [8] , the contribution that both the environment (B* e ) and the residues (B* r ) have on the total exergy cost can be seen. Likewise, the unit exergy cost (k*) is comprised of one part due to the environment k* e and another part due to the residues k* r . For example, considering flow no. 6, it is the energy flow leaving the afterburner and it can be seen that the environment accounts for 96% of its total cost, whereas the residues account for only 4%. The same analysis can be applied to the rest of the energy flows.
On the other hand, the exergy costs of the processes that make up the hybrid system are provided in Table 7 . This table is revealing in several ways. First, it provides the exergy costs of fuel and product per processes, which are known for each process. Second, an original contribution of the present work is to indicate the contribution of both the environment and the residues to the final cost of the products leaving the processes. A clear interpretation of the table can be given by using the SOFC as an example. The findings show that it has a unit exergy consumption (k) of 1.1832 kW/kW, which means that to produce each kW of electricity, the process requires the consumption of 1.18 kW of resources. On the other hand, the unit cost of the electricity produced turned out to be 1.7395 kW/kW, where the environment accounts for 98% of the entire cost and the residues have a contribution of only 2%. Of further interest is the exergy cost of the process 12 (i.e., the VAR system), the findings show a high consumption of resources of around 15 kW/kW, which reveals the low exergy efficiency of the process. This is also shown by its high unit exergy cost of 45.515 kW/kW.
What is of paramount importance, however, is to discuss the impact that some of the operating variables have on the cost of the main products of the system. Hence a detailed discussion of such matter is provided in the following section.
Results and Discussion
Among the benefits of the theory of exergetic cost is the fact that it allows a clear understanding of the cost formation process through the system. This can be better understood by means of Figure 4 , which shows the contribution of the irreversibility generated in the i-th process to the unit cost of th product of the j-th equipment. For example, the unit product cost of the SOFC (1.74 kW/kW) is mostly comprised of the irreversibility contribution from the SOFC itself (13%), the air preheater (11%), the water preheater (7%) and the afterburner (6%), whereas the environment account for as much as 57%. Most importantly, it can be noted that the product of the fuel compressor is the most expensive, in terms of exergy consumption, because most of its contribution is due to its own inefficiency. 
Integration Analysis
Consider the integrated system SOFC-VARS system depicted in Figure 5 , where each plant is considered to be a simple process. If the exhaust gases yielded in the SOFC stack are not reused in other systems, it means that all its exergy is wasted and therefore its cost is charged to the electricity. Alternatively, as in the case of the SOFC-VAR system, if part of the exhausted gases Q = E 9 − E 24 are reused in the VAR process, then the cost of electricity decreases from 2.74 to 2.19 kW/kW, whereas the cost of gases is around 3 kW/kW, higher than the cost of electricity. It is important to note that this cost is inclusive higher than other heat alternatives to fuel the VARS system.
Consider that the exhaust gases are a by-product of the SOFC system, the cost for which varies from 0 (waste) to 3 (product), and so the cost of electricity and electricity produced by the integrated system varies according to the following equations:
These costs variations are graphically shown in Figure 6 . For example, if the cost of gases equals the cost of methane c F = c Q the cost of electricity is 2.56 kW/kW and the cost of cold is 15.1 kW/kW. On the other hand, if the cost of gases equals electricity c Q = c W = 2.32 kW/kW the cost of cold is 35 kW/kW. Consequently, using exergy costs analysis it is possible to identify integration possibilities, efficiency improvement, and quantify the benefits due to system integration, as well as the determination of fair prices based on physical roots, see [19] .
Impact of Current Density
An important control parameter when it comes to operating SOFC stacks is the current density. It is interesting to study its influence on the unit exergy costs of both electricity and exhaust gases, as is shown in Figure 7 . It can be noted that a variation in the current density impacts both variables equally. Yet, the unit exergy costs of the exhaust gases are 45% higher than those of the electricity. This stems from the fact that exhaust gases have gone through a series of heat exchangers before leaving the SOFC system and, as a consequence, have assimilated the irreversibilities of each piece of equipment in accordance with the principle of the cost formation process of residues [13] . In general, the unit exergy cost of both variables increases as current density rises too. It must be kept in mind that the stack voltage decreases because of the increased current density, which explains the reason the unit exergy cost also increases. Conversely, the effect of the current density on the unit exergy cost of the refrigeration is more notable than on the electricity and the exhaust gases. On comparison, the generation of a refrigeration unit requires more resources than a unit of electricity. This is mainly due to the irreversibilities generated through the absorption refrigeration system, as it is composed of a steam generator and an evaporator and condenser; processes that, by nature, are highly dissipative. At a fixed current density of 8000 (A/cm 2 ), the unit exergy cost of refrigeration is 45.8 (kW/kW), whereas for the electricity it is 2.1 (kW/kW). Thus, it can be deduced, from this point of view, that the production of refrigeration is not especially suitable with this configuration.
Impact of Fuel Use, FU
Another important parameter in the operation of a solid oxide fuel cell stack is the fuel use. However, this parameter cannot be physically manipulated but, in practice, it is calculated by Faraday's Law using the current generated in the stack [20] . Thus, the effect of fuel use on the unit exergy costs is explained as follows. First, the existing correlation between FU and the unit exergy costs of electricity and exhaust gases is provided in Figure 8 at a fixed current density (8000 A/cm 2 ) and stack temperature difference (100 K). It can be noted that the unit exergy cost of electricity is not sensitive to FU variations above 80%. Yet, a noticeable increase of up to 28% is found when FU drops below 80%. This is because at low FU ratios, less hydrogen is converted into power and higher additional air flow is required for cooling. Consequently, more power is required in the compressor, and therefore the electrical efficiency of the stack decreases, hence the high unit exergy cost at low FU ratios. In contrast, the unit exergy cost of the exhaust gases is more sensitive to FU variations. The reason for this is because, as previously mentioned, this exergy stream is accompanied by the inefficiencies of the heat exchangers located upstream. In comparison, between both costs the minimum difference is 20% at 89% of FU, whereas the maximum difference is 30% at 77% of FU. Most interestingly, it is the remarkable impact that FU has on the unit exergy cost of the refrigeration. It falls sharply and follows the same trend as the unit costs of electricity and exhaust gases but in a greater proportion. For example, at a fixed 83% FU, each unit of refrigeration costs as much as 44 kW of resource consumption, while the unit exergy cost of electricity is around 2.2 kW/kW. As previously mentioned, the production of cooling is not viable in this configuration.
Impact of Anode Gas Recirculation
The analysis of anode gas recirculation is of particular interest, as apart from providing the heat for the steam-reforming reaction, it is used to control the stack difference temperature and hence the air for the cooling rate. Thus, in terms of costs, Figure 9 unveils the unit exergy cost of electricity and exhaust gases as a function of the anode gas recirculation. Interestingly, two trends in the costs can be observed as the percentage of gas recirculation rises. On the one hand, the unit exergy cost of electricity slightly decreases, which is largely due to the higher fuel use as a result of the anode gas recirculation increase and hence the improvement in the stack efficiency as investigated in the work of Peters et al. [21] . On the other hand, the unit exergy cost of the exhaust gases increases because they have lower energy availability as a result of bifurcation or by-pass and hence its unit cost increases. However, an increase in 25% in the anode gas recirculation does not have a notable effect on the unit exergy costs, this is lower than 1%. On the contrary, the same 25% increase has a more noticeable effect on the unit exergy cost of the product of the refrigeration system of approximately 4.7%. In this case, the difference between the highest and the lowest unit exergy cost of refrigeration is at least 7.5%. Hence, the effect of the anode gas recirculation is greater in downstream equipment than in the same cell.
Impact of the Stack Temperature Difference
The control of the temperature difference across the stack is of great importance, because it can avoid causing large thermal stresses that can damage the entire SOFC stack, as well as allowing control of the amount of cooling air entering the system. However, it is valuable to discover how the temperature control measures positively or negatively affect the exergy costs of products. Therefore, the analysis of Figure 10 allows the determination that the unit exergy costs for the exhaust gases are more sensitive to changes in the stack temperature difference than the electrical ones. As expected, increasing the temperature difference across the SOFC stack from 90 to 110 • C represents a 6.5% decrease in the unit exergy costs of the exhaust gases, while in the case of electricity, it only represents a 1% decrease. The reason the unit exergy costs decrease is mainly down to the reduction of the energy consumption of the air compressor. The surplus air flow injected to the SOFC stack is inversely related to the temperature difference across the stack, and so if the surplus air is reduced, then so is the power consumption of the compressor [20] .
Likewise, the unit exergy cost of the refrigeration drops as the temperature difference across the stack increases. However, for the same case as assumed above, the impact on the unit exergy cost of the refrigeration is 10%. Apparently, if the temperature difference across the stack continues to increase, the unit exergy costs of the products would fall. Yet, for operational and safety reasons, the SOFC stack cannot be operated at high temperature difference [20, 22] . 
Conclusions
The application of the exergy cost theory to a hybrid system based on an SOFC stack and on a VAR system has permitted to make several contributions to the current literature:
1. The first productive structure of a Solid Oxide Fuel Cell stack coupled to a Vapor-Absorption
Refrigeration system is here reported. It depicts the integration of the different components by means of resources, products, and residues flows. 2. The application of this approach has shown that for a reference case, the unit exergy costs of electrical power, cooling, and waste heat are 2.192 kW/kW, 3.014 kW/kW and 45.515 kW/kW, respectively.
3. This approach has also permitted to know the contribution of the environment and the residues to the cost of the product. In the case of the electrical power, the contribution of the environment was 80% and the other 20% was provided by the residues. Meanwhile, for the unit exergy cost of cooling, the environment accounts for 96% and the residues for only 4%. 4. The analysis of the impact of current density on the exergy costs has revealed that the unit exergy cost of cooling turned out to be the more sensitive to it than the exergy cost of the electrical power and the exhaust gases. 5. The study of the effect of the fuel use on the unit exergy costs has shown that below 80%, the unit exergy cost of the cooling is the most sensitive of all. However, above 80%, the unit exergy cost of the electrical power has remained constant, 2.1 kW/kW. 6. In the case of the percentage of the anode gas recirculation, the results have revealed that its effect is greater on the unit exergy cost of the cooling and exhaust gases then on the electrical power. 7. The analysis of the impact of the stack temperature difference on the unit exergy costs has been of further interest. The results have revealed a steeper fall of the unit exergy cost of cooling as the temperature difference begins to increase. In thermodynamic terms, this situation would be ideal but due to operational and safety reasons, the stack temperature difference cannot reach higher values.
Altogether, the paper has provided an alternative to conventional analysis for identifying integration possibilities, efficiency improvements, quantification of benefits, and providing a physical basis for prices. Finally, the findings of this research have been limited due to the lack of information in current literature on the physical characteristics of a real solid oxide fuel cell stack. 
